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Assumptions and Abstractions in the Model

Transcription of genes requires binding of the activating
proteins

Repression of transcription is modelled by competitive binding
of the repressing proteins

The binding reactions are assumed to be much faster than
transcription and translation and are modelled to be in
equilibrium

Transcription and translation speeds are assumed to be
constant

MRNA and protein degradation are assumed to be constant
also



Definitions and Differential Equations
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Definitions and Differential Equations
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Rescaling
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Hopf Bifurcation at central fixed point
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Figure: Time course for 3 gene systemwith =1, = 1.1,
X1 : red,x, : green,Xs : red
starting values x3 = y3 = 0.11, all otherx; =y; = 0.1



Fixed points
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Fixed points
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Fixed points

Xj
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Yi
for « > 1 and p < 1 : Boundary fixed points X(8):

(b) (b) a—1o0r0 if Xi—1 andyi_l =0
' ! Oor (o —1)(1 —p) otherwise



Fixed points

Xj

0 = ﬁ(yi_xi)v 0 = am_

Yi

for « > 1 and p > 1 : Boundary fixed points X(8):

(b) a—1o0r0 ifxi_landyi_lzo
0 otherwise



Jacobian matrix
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Eigenvalues
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for origin fixpoint, X°, and 3 > O:
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Figure: Amax of X% for 3 =0.5: red,1: green, 1.5 : blue



Stability of “central” fixed-point X°
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Stability of “central” fixed-point X°
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Amax depends on 3 in following way:
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so that the sign of Amax is symmetrical around the plane g = 1 if 3 is scaled
logarithmically



System with even n, “central” fixed-point X°
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Figure: Amax of X€ with n = even for
f=1and p=0.5:red,1: green,1.5: blue



2 fixed-points at X
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Figure: Amax of X with n = even for
f=1and p=0.5:red,1: green,1.5: blue



A simple system of four genes:
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Bifurcations for a simple system of four genes
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Time course for 4 gene system with 3 = 1,x, : red, x, : green starting values
x; =Yy; = 0.6, allotherx; =y; =05a: a=05p=15,b:a=2,p=05,c:
a=2,p=15



Central fixed-point X ¢ for system with odd n
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Central fixed-point X ¢ for system with odd n
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Central fixed-point X ¢ for system with odd n
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Central fixed-point X ¢ for system with odd n

So for systems of size n stability boundaries exist between:
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Figure: COS%I), green, and psap, red, in dependency of n



Heteroclinic cycles in odd systems

Forn odd, « > 1 and p > 1 the system has the following properties:
Itis permanent if X > "Ly,
It has an attracting heteroclinic cycle if A < ";21p.

with:
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The heteroclinic cycle connects the following fi xed points:
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Heteroclinic cycles in odd systems
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Heteroclinic cycles in odd systems
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Figure: Stability boundaries for the heteroclinic cycle in the symmetry
plane g = 1,red, and 8 = oo,green, forn = 3



A System with 3 genes

Rescaled differential equations:
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Fixed points



Fixed points
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Fixed points
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Fixed points
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Fixed points
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Fixed points
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Jacobian Matrix and Eigenvalues
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“Origin” Fixed Point X°
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“Central” fixed point X°

1+p oxi  a(l+)p) 8Xi_1: a(l+p)

Eigenvalues:

1
A= 3

ﬁ+1i\2/(ﬁ—l)2+4ﬁ<al(i_ﬁj) +€/—_12(g;3)

for g = 1:

a(l+p) a(l+p)

A= —1i§/1+pa giple—1)



Hopf Bifurcation: R(Amax) =0
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. 1)
“Corner” fixed point X!
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“Corner” fixed point X()
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Hopf Bifurcation at central fixed point
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Figure: Time course for 3 gene systemwith =1, = 1.1,
X1 : red,x, : green,Xs : red
starting values x3 = y3 = 0.11, all otherx; =y; = 0.1



Hopf Bifurcation at Central Fixed Point

Figure: Trajectories in X1, X», X3 subspace of phasespace with
b=1La=11 p=225:red,2: green,1.6 : red
starting values x3 = y3 = 0.11, all otherx; =y; = 0.1



Hopf Bifurcation at Central Fixed Point
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Figure: Distances to (0,0, « — 1) on a poincare section along X; = X
in the Xy, X2, X3 subspace of phasespace.

B=1a=11,

starting values x3 = y3 = 0.11, all otherx; =y; = 0.1



Heteroclinic Orbits
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Figure: Heteroclinic orbits (blue) between the corner saddle points in
the X1, X2, X3 subspace of phasespace. Trajectory (red) for system
with: 6=1,a=11,p=3
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